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Abstract. In mechanical design, the selection of material alternatives has become a pressing
issue due to the progressive growth in the complexity of mechanical systems in search of a con-
tinuous increase in performance and the presence of a wide range of possible materials. Moreo-
ver, there are many requests for projects, which makes the choice of material a decisive activity
for the success or failure of the project itself. Multi-criteria decision-making (MCDM) describes
the systematic approaches developed to evaluate alternatives in terms of multiple and often con-
flicting objectives and identify the cluster of optimal choices. Several methodological approaches
combining axiomatic design and MCDM methods have been proposed in the literature. However,
it is only in recent years that this methodological combination has found fertile ground as a deci-
sion-support tool with interesting applications in the field of material selection. This paper aims
to analyze the current state of the art in integrating of axiomatic design and MCDM methods
considering different scenarios of the available information in material selection in the field of
mechanical design.

Keywords: Material Selection, Multi-Criteria Decision Making, Axiomatic De-
sign.

1 Introduction

1.1  Materials selection problem

Material selection has been considered one of the critical elements of sustainable de-
velopment as the process motivates the selection of materials that aid in following
cleaner production, saving resources and energy, and bringing economic efficiency to
any manufacturing enterprise. Materials have a key role throughout the manufacturing
as well as the design process. However, selecting the best possible material alternative
is a challenging task [1-3] owing to the increasing availability of a large number of
materials [4, 5]. During the selection process, many attributes of the materials need to
be considered, e.g. the mechanical properties, physical properties, thermal properties,
magnetic properties, wear, oxidation, and corrosion behavior. Moreover, a sustainable
lifestyle has become necessary due to environmental constraints [4]. Therefore, sus-
tainability adds another criterion that should be considered when selecting a suitable
material. In short, the material selection process is a multiple-criteria decision-making



problem. In order to achieve the best solution, the researchers have proposed different
procedural steps to arrive at the optimal decisions for material selection strategy [4, 5].
The findings suggest the following stages of a typical material selection process: 1)
creating a group of alternative solutions based on the performance requirements, which
constitute the selection criteria; 2) screening of the initial solution; 3) ranking and com-
paring the set of alternatives and 4) identifying an optimal solution. The findings of the
past research have enunciated that regardless of the relation between material and pro-
cess selection, the two main critical aspects for an appropriate material selection are
screening and ranking [4].

1.2 Scope

The introduction of axiomatic design as a design methodology in the industrial field
is based on two axioms [6]:

- The independence axiom consists of maintaining the independence of functional
requirements (FRs), where FRs are defined as the minimum number of independent
requirements that characterize the project objectives.

-The information axiom allows us to select the least complex design solution from a
finite set of independent solutions. This second axiom states that the design with the
highest probability of meeting the requirements is the best design choice, i.e., the one
with the least information content.

Several methodological approaches have been proposed in the literature that com-
bines axiomatic design and multi-criteria decision making (MCDM) methods [7-17].
However, only in recent years, this methodological combination has found fertile space
as a decision-making tool with interesting applications in the field of material selection
[7, 8]. The present paper aim is to analyze how these two methodologies can be inte-
grated in this context.

The proposed methodologies use the concept of information content as a discrimi-
nator in the selection of mutually alternative solutions. Then, each approach follows an
independent development, as authors often re-interpret the information axiom based on
MCDM methodologies. We believe no comprehensive theoretical study still defines
the conditions of applying axiomatic design as a material selection tool in mechanical
design. The risk is that the full potential of axiomatic design will not be exploited or,
even worse, only formally optimal solutions will be obtained. Therefore, it is necessary
to present a complete and comprehensive overview of how axiomatic design can be
used as a decision-making tool in material selection. This goal can be pursued by first
defining scenarios for applying the method. Based on each of them, specific conditions
of applicability can be detected. In this study, we have identified three basic scenarios
in the highest possible generalization. The first scenario corresponds to a situation of
complete information on material selection criteria, which coincide with the functional
requirements of the material to be selected. The second scenario, on the other hand, is
more complex and corresponds to incomplete information on selection criteria corre-
sponding to the functional requirements of the problem. The third and last scenario
analyzed is called the partial information scenario. It corresponds to the partial



correspondence between selection criteria and functional requirements. Some selection
criteria are nonfunctional requirements (NFRs).

2 Multi-attribute selection: methodological background

MCDM methods are methodologies for selecting a solution from a set of different
possible alternatives on the basis of a set of criteria, which may even be conflicting [5].
These methods can essentially be divided into two categories. Multiple objective deci-
sion making (MODM) and multiple attribute decision making (MADM). The main dif-
ference between the two approaches is that MODM methods perform comparison anal-
ysis on a very large set of solutions, potentially even in infinite numbers. In contrast,
MADM methodologies aim to select the best solution from a predefined and limited
number of alternatives [5]. Usually, MODM methods are based on decision variables
that are continuous functions or integers, whereas in MADM methods, the decision
variables are discrete values. In this paper, we refer only to MADM approaches because
they are directly compatible with the axiomatic design framework. This compatibility
stems from the fact that both methodological approaches perform comparative evalua-
tions on a finite set of alternatives. However, at the same time, this finding presents us
with the first significant difference between the two methodologies. While axiomatic
design allows the generation of alternative solutions based on the application of the
independence axiom, MADM methods do not provide any rational mechanism for pre-
selecting alternatives (4;) to be candidates for final evaluation. This pre-selection con-
sists of formal verification of the candidate material's compliance with the properties it
is to possess and the simultaneous exclusion of any incompatibilities. This reduces the
number of materials to be submitted for final evaluation, facilitating the selective pro-
cess. In subsection 1.1, we have introduced that the materials selection process consists
of 4 stages. Whereas axiomatic design performs the entire four planned stages, from
the identification of materials to be evaluated to the selection of the robust product,
MADM methods are designed to perform only the last two stages, i.e., the comparison
activities and the determination of the best solution. The last two steps are accomplished
by constructing an appropriate dimension # x m matrix called the decision matrix [4]
(Table 1). This matrix turns out to be characterized by four essential elements:

e nrows corresponding to the finite set of materials (4:) subject to selection;

e m columns representing the selection criteria, which in the terminology of MADM
methods are called attributes (C));

o m weighting coefficients (W) defining the relative importance of the selection crite-
ria, where Y7L, W; = 1;

e 1 x m elements a; internal to the decision matrix that constitute the evaluation at-
tributed to alternative 4; with respect to the evaluation criterion C;.



Table 1. Decision matrix
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The decision matrix, as formulated in Table 1, provides a deterministic solution to
the material selection problem, although some evaluation criteria may conflict with
each other. This solution consists of providing an ordering to the predefined set of al-
ternatives (4;) based on the weighting coefficients (W)) [4, 5]. Nevertheless, to achieve
this, we have to resort to a process called normalization, representing a specific material
selection problem in a corresponding decision matrix. This process varies depending
on the particular MADM technique being adopted. In general, it aims to make a;; eval-
uation elements comparable and define the weighting coefficients of the selection cri-
teria. In this regard, we must consider that the comparison criteria can be heterogene-
ous. They may be the physical, chemical and mechanical properties of materials, but
also economic considerations, environmental sustainability assessments, or cultural and
aesthetic aspects. Therefore, MADM methods make comparisons of a multidimen-
sional nature [18], the final results of which may not coincide, as each method has its
own particular specificities. In fact, each method proposes a different model for repre-
senting selection preferences.

3 Methodological compatibilities

In this section, we analyze under what conditions axiomatic design can be a viable al-
ternative to MADM methods, in what cases, on the contrary, the two approaches can
be combined, and finally, what are the conditions of incompatibility. Before continuing
the discussion, let us assume that the identification of candidate materials for final se-
lection is always made through the formal application of axiomatic design. In this way,
as anticipated in Section 2, a restricted set of materials is pre-selected based on a formal
verification of the characteristics that the mechanical component to be designed must
possess. Axiomatic design allows these characteristics to be translated into terms of
neutral functional requirements, which constitute the criteria for the final selection.
Based on this preliminary hypothesis, we can introduce at least three different opera-
tional scenarios.



Scenario 1. We can define a complete information scenario as a material selection
problem for which the evaluation criteria are exclusively the functional requirements
that led to the identification of a predefined set of alternatives. In addition, we know
the quantitative data needed to apply the information axiom.

Scenario 2. We can define an incomplete information scenario as a material selection
problem for which the evaluation criteria continue to be the functional requirements,
but we do not have all the quantitative data needed to apply the information axiom.
Some criteria may have an evaluation in qualitative terms based on subjective expert
judgments.

Scenario 3. We can define a partial information scenario as a material selection
problem for which the evaluation criteria are only partly the functional requirements,
which have guided activities to identify the set of candidate materials. In this case, the
final selection also takes place based on nonfunctional criteria.

3.1  Materials selection under conditions of complete information

In a complete-information scenario, applying the information axiom allows us to
identify the most suitable material for our objective. In this case, the accuracy of selec-
tion is related to the designer's ability to exhaustively represent the specifications of the
material to be selected in terms of functional requirements and design constraints. Ax-
iomatic design can directly carry out all four steps involved in the selection process. It
is not necessary to implement a normalization process to obtain a decision matrix such
as the one introduced in section 2 [19]. Therefore, the application of the information
axiom is an alternative tool to traditional MADM methods in selecting a material based
on a finite set of candidates. The application of this axiom is to identify the material
with the least information content [20]. By definition, the information content associ-
ated with a specific functional requirement FR; is defined as follows:

1
I; = log (E) )

In this case, P; is the probability that the material under evaluation meets the i-th
functional requirement. To extend this concept to a complete system, we have to resort
to the mathematical properties of logarithms and algebraic properties of square matri-
ces. Preliminary application of the independence axiom allows us to submit candidate
materials to a functional verification, which, in essence, establishes the existence of the
requirements and the absence of incompatibilities. This preliminary verification allows
us to represent the mapping between the problem's intended functional requirements
(FRi) and candidate material properties (DP;) in terms of a design matrix (Fig. 1).
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Fig. 1. Axiomatic design as a material selection tool for mechanical component design

In axiomatic design, design matrices that meet the independence axiom can only be
diagonal (uncoupled) or triangular (decoupled). For diagonal matrices, the total infor-
mation content (/or) is equal to the sum of the information content of all functional
requirements (/;) since they are, by definition, independent [19].
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Instead, there are functional coupling situations for decoupled representations [21].
In these cases, the FR;+; requirement depends on the occurrence of the FR; requirement
[22]. This means that the probability that the FR:+; requirement is satisfied by the DP;+;
property of a given candidate material is conditional on the probability that the previous
FRi requirement is satisfied by the DP; property of the same material. However, it is
always possible to identify a sequence of conditional probabilities that guarantee func-
tional independence in the corresponding design matrix. Therefore, eq. 2 is also valid
in the decoupled matrix case, albeit using conditional probabilities in the functional
coupling relations [19]. Under these conditions, axiomatic design allows the selection
of a robust material with respect to the functional requirements that have been formal-
ized. Unfortunately, in several cases, the application of the information axiom in its
standard formulation has limitations. First, in complex selection problems, for example
consisting of the presence of many functional requirements, the use of the information
axiom can be complicated [21]. For this reason, there is sometimes a tendency to re-
place the application of the information axiom with the adoption of MADM methods.
As we saw in section 2, these methods are designed to allow us to provide a finite set
ordering of alternative solutions.

Nevertheless, the solution identified may not be robust because the use of weighting
coefficients determines functional dependence among the selection criteria [19]. Sec-
ond, the available data may not be quantitative or there may be numerous nonfunctional
aspects to consider. In these cases, the information axiom can no longer be applied in
its standard approach. The following subsections elaborate on these situations.



3.2 Materials selection under conditions of incomplete information

In an incomplete information scenario, some criteria admit only subjective judg-
ments. For example, in mechanical design, sometimes we can only provide a subjective
assessment based on linguistic terms (low, medium, high) to assess the corrosion level
of a material. In these cases, incomplete information depends on the vagueness of at-
tributable judgments [4, 5]. Therefore, many authors have proposed the use of fuzzy
theory so that the information axiom can be applied to numerical data [7, 12].

Fuzzy approach. Fuzzy AD (FAD) methodology is based on conventional axio-
matic design. However, crisp ranges are replaced by fuzzy numbers representing lin-
guistic terms (Fig. 2). In Figure 2, triangular fuzzy numbers (TFNs) are shown. The
intersection of TFNs representing design and system ranges presents the common area
[23-27]. Firstly, the information content is calculated in a non-fuzzy environment. Then
information content in a fuzzy environment is calculated as follows:

e [; = oo if the intersection between two adjacent triangles is an empty set;
Area of system range
L J Ii = lO (
common area

) if, on the other hand, the common area is not an

empty set.
Even in this case, the best solution is the one with the least information content.

Fuzzy
Membership )
Function Triangular Fuzzy Triangular Fuzzy
A Number of Number of
1 Design Range System Range

Common

Fig. 2. System-design ranges and common area in fuzzy environment.

Fuzzy axiomatic design presents two fundamental limitations. First, this methodol-
ogy relies on expert judgment to determine the degree of fuzziness in the design param-
eters. This can introduce subjectivity into the design process, which may lead to incon-
sistencies or biases in the design. Recently, advanced approaches derived from fuzzy
theory have been proposed, such as the intuitionistic fuzzy set (IFS) and the neutro-
sophic (NS) method. In particular, the latter approach seeks to overcome this limitation
of fuzzy theory by introducing evaluations of "truth", "indeterminacy" and "falsity" into
the model. Abdel-Basset et al. [13] used this approach in conjunction with axiomatic
design in the selection of medical instrumentation. Another approach that has been



proposed in recent years is based on Z-numbers [14, 15]. In all these cases, adopting
these methodologies aims to reduce uncertainty in applying axiomatic design in incom-
plete information application scenarios. Uncertainty in a selection problem can also
arise from the risk of adopting a particular material. For example, overheating may
result in undesirable effects on some mechanical components. Hafezalkotob et al. report
in [28] a real-life material selection case for the construction of gas turbine blades.
Temperature variation was considered as a risk factor. In this case, the FAD method
was modified to include the risk variable associated with blade overheating. Thus, com-
bining elements of risk and the FAD approach, the Risk Fuzzy Axiomatic Design
(RFAD) method is obtained. The information content for the RFAD technique is cal-

culated as follows [29, 30]:
1 3
Ij; = log (—) ®)

Py(1 - 1)

In this case, 7;; is a risk factor with a value in the range of zero and one. Comparing
the information contents of FAD and RFAD approaches, it is explicit that each I} is
greater than its corresponding I;;. Greater risk factor r;; leads to a higher value of in-
formation content I[] In addition, FAD can be a complex and time-consuming process,
especially when dealing with systems with many functional requirements or design pa-
rameters. In these cases, the information axiom can be reformulated in terms of MADM
methods. Generally, this methodological re-interpretation consists of introducing
weighting coefficients to be assigned to the selection criteria.

Selection based on weighted attributes. The importance of criteria in decision-mak-
ing problems is often not similar. Consequently, the relative importance of criteria
should be considered to achieve a realistic solution. In general, the significance coeffi-
cients can be computed using objective, subjective, or integrated techniques [28]. Sub-
jective significance coefficients are achieved from experts' opinions while objective
significance coefficients are obtained using the decision matrix's values without utiliz-
ing experts' judgments. The two types of significance coefficients may be combined.
Different techniques are borrowed from MADM methods for calculating the signifi-
cance coefficients of criteria [30-33]. From a methodological point of view, the use of
these weighting techniques consists of combining FAD and RFAD approaches with
MADM methods. In this paper, we briefly introduce the three main MADM approaches
used to determining weighting coefficients in situations where information is incom-
plete: the information entropy method, the analytic hierarchy process and the best-worst
method.

Information Entropy Method. Entropy is based on the classical measures of Boltz-
mann and the second law of thermodynamics [28, 35]. The idea of entropy in infor-
mation science, initially suggested by Shannon [35], is a tool for specifying the uncer-
tainty of a variable. The general concept of Shannon’s entropy is to evaluate the signif-
icance coefficient of each criterion from the distribution of data over variables. The
Shannon entropy has been utilized with combinations of many MADM techniques for
various applications in material selection problems [4, 5, 28, 32, 34]. Hafezalkotob et
al. [32] developed the RFAD method with the integrated Shannon entropy significance



coefficients to generate an entropy-weighted risk-based fuzzy axiomatic design
(WRFAD) approach. The information content of the WRFAD technique is based on
the integrated Shannon significance coefficients. However, this approach has a funda-
mental disadvantage. It requires a significant amount of input data, which can some-
times be difficult to obtain. The accuracy of the results depends on the quality of the
data, and inaccurate or incomplete data can lead to erroneous decisions.

Analytic Hierarchy Process. The analytic hierarchy process (AHP) is a decision sup-
port method developed to complete problems by breaking the solution problems, group-
ing them, and arranging them into a hierarchical structure [4, 5]. This method uses a
comparison of criteria paired with a measurement scale that has been determined to
obtain priority criteria. The main input of the AHP method is experts' perception, so
there is a factor of subjectivity in retrieval decisions [36-38]. This aspect is both a
strength and a weakness of this method. It is a strength of the method because it is a
powerful tool for modeling complex decision-making situations. However, considera-
ble uncertainty and doubts in the evaluation affect the accuracy of the data and results
obtained. Based on this consideration, another theory was developed, namely Fuzzy 40

Analytic Hierarchy Process. The fuzzy AHP is a method of AHP developed with
fuzzy logic theory [11, 39]. The fuzzy AHP method is used similarly to the method of
AHP. It is just that the fuzzy AHP method sets the AHP scale into the fuzzy triangle
scale to be accessed priority.

Best-Worst Method. Rezaei [33] developed the best-worst method (BWM) based on
a consistency comparison system. The method has been further extended by Guo and
Zhao [40] by integrating the fuzzy set data into the approach (called fuzzy BWM or
FBWM). In BWM, the pairwise comparison between the best and worst criteria is de-
fined as a reference comparison in which the best and worst criteria are computed. Ad-
ditionally, the secondary comparison occurs when neither of the selected criteria is de-
fined as the best or the worst element. In real-world problems where uncertainty and
ambiguity of decision-maker exist, it is tough to evaluate the accurate weights of the
criteria. Based on the BWM approach, the hybrid hierarchical best-worst fuzzy axio-
matic design (HB-WFAD) selection method, which combines axiomatic design and
FBWM, has been proposed [39]. In this case, criteria weights are calculated by exploit-
ing the BWM technique, which has the advantage of requiring a limited amount of
information. However, subjective value judgments always remain a critical issue in the
selection process.

3.3  Materials selection under conditions of partial information

In some situations, selection procedures may involve elements that difficultly can be
formalized in terms of functional requirements. Design constraints most often belong
to this category. Design constraints are limitations to design, which may depend on the
material's physical, chemical, or mechanical properties to be selected or on economic
reasons, product availability, environmental and social sustainability of the production
process, or even aesthetic and cultural motivations [4, 41-45]. In terms of axiomatic
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design, these constraints can be classified into two categories [46]: input constraints if
they relate to the fulfillment of a specific functional requirement that a mechanical com-
ponent must possess, for example, a certain threshold of maximum allowable heat trans-
mittance. In contrast, system constraints do not relate to a specific material property.
For example, materials from different countries with the same properties may have been
produced through processes with different environmental and social impacts. Many
companies require their suppliers to ensure high levels of environmental and social sus-
tainability [29]. Axiomatic design does not provide formal rules for treating these ele-
ments, as is the case with functional requirements. To overcome this limitation, Mabrok
et al. [37] proposed to consider these elements as nonfunctional requirements (NFRs)
and to replace the functional domain in Figure 2 with a new domain, called the require-
ment domain, which includes both types of requirements (Fig. 3).

Need to select a material to
design a mechanical
component

Requirements of the Properties of the material
material to be selected candidate for selection

Design matrix

or,|op,|opP,

FRy| X
R, X
FR,| x X

DP

IS

Mapping DP1

F__

Customer attributes

CA

NFR2
ompatibility matkix

NFR1 | 1 0 -1
NFR2 | 1 1 0

Customer Domain Requirement Domain Physical Domain

Fig. 3. Selecting materials for mechanical component design by including nonfunctional re-
quirements in axiomatic design.

This intuition allows the formal inclusion of nonfunctional requirements in axio-
matic design. At the operational level, this idea can be accomplished through the defi-
nition of a new matrix called the extended design matrix (eq.6). This new matrix in-
cludes two blocks, the design matrix (n x n) related to the n functional requirements of
the selection problem and the compatibility matrix of size k& x n for the & associated
nonfunctional requirements. The latter matrix relates the nonfunctional requirements to
the properties of the material submitted for verification. In the example shown in Figure
3, the compatibility matrix can be constructed based on three values:

- aj=1 if design parameter j-th satisfies nonfunctional requirement i-#4;

- a;=0 if design parameter j-th is indifferent to nonfunctional requirement i-¢h;

- a;j=-1 indicates, on the other hand, that design parameter -t violates the nonfunc-
tional requirement i-t/.

If we refer to the example in Figure 3, the relationship between the requirement and
physical domains can be represented by eq.4.
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FR, X 0 0 4)
FR, <0 X 0) DP,
FR;/ |=l\x o x/||PP:

NFR, (1 0 —1) DP,

(NFRZ) 1 1 0

In practical terms, the design matrix represents the traditional mapping between
functional requirements and selected material characteristics (design parameters). In
contrast, the compatibility matrix measures the level of compliance with respect to the
nonfunctional requirements provided by the selection. This way, eq.4 introduces two
pre-selection operations on candidate materials for final selection. An initial pre-selec-
tion is made to identify candidates that meet the functional requirements as in the tra-
ditional axiomatic design approach. This pre-selection allows a finite set of candidate
materials to be identified. Then, the compatibility matrix allows us to evaluate with
respect to this first set of materials, which ones meet the nonfunctional requirements
posed by our problem. This second intervention allows us to restrict the set of candidate
materials even further for final selection. Finally, we must proceed to the final selection.

On the other hand, as far as the final selection is concerned, we can no longer resort
to the information axiom, or at least as defined in Section 2, since we also must consider
evaluation criteria that derive from nonfunctional requirements. In this case, the various
MADM methods provide a powerful tool for making the final selection [37]. Recently,
some studies have proposed the AHP methodology, which has the advantage of group-
ing the selection criteria hierarchically-mindedly into groups and subgroups [36, 37].
In this sense, the selected material constitutes the best solution with respect to modeling
the operational context. However, it may not coincide with the robust solution. There-
fore, we may have found a suboptimal solution with respect to the functional require-
ments due to the simplifications introduced by assuming the nonfunctional require-
ments and then applying the MADM methods.

4 Conclusions

In mechanical design, the selection of materials to be used is becoming an increas-
ingly complex problem because of the wide availability of alternative materials and the
progressive emergence of new constraints. Currently, it is common practise to consider
elements and performance related to environmental and social sustainability in the de-
sign process, in addition to the usual selection criteria such as the physical, chemical
and mechanical properties and the cost of the component. The component must be man-
ufactured to meet specific technical and economic requirements and minimize the so-
cial and environmental impacts throughout its entire life cycle, from raw material ex-
traction to end-user use and dismantling. In this context, axiomatic design allows these
even mutually conflicting requirements to be articulated in formal terms of functional
requirements and design constraints. This specificity of axiomatic design allows these
elements to be included as selection criteria in a unified framework. However, the in-
creasing complexity of problems in scenarios with incomplete or partial information
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makes the final choice very difficult. Therefore, scholars resort to the extension of the
information axiom to simplify its applicability. In chronological order, the use of fuzzy
theory was the first step in this process of adapting axiomatic design in complex appli-
cation contexts. Then, other methodologies were presented that further simplify the in-
formation axiom by applying MADM methods (AHP, information entropy, BWM). In
this case, a robust solution is given up for suboptimal solutions. The latter has the ad-
vantage of providing a solution even to very complex selection problems, unsolvable
with the traditional approach. The partial-information scenario is emblematic of this
trade-off situation. The presence of several system constraints can make it complicated
to formulate the selection problem solely in terms of functional requirements. Instead,
the interpretation of system constraints as nonfunctional requirements simplifies the
determination of a solution. However, the final choice may not coincide with the robust
solution with respect to axiomatic design. It is certainly a better solution than the sim-
plified model based on nonfunctional requirements. In this sense, research is increas-
ingly focused on studying the compatibility between axiomatic design and MADM
methods in order to reduce the gap between robust solutions and suboptimal choices.
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